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Q\ ■ Abstract 

o; 

We present a proof of the positivity of the Bondi energy in Einstein-Maxwell axion 
dilaton gravity, being the low-energy limit of the heterotic string theory. We consider 
the spacelike hypersurface which asymptotically approaches a null cone and on which the 
equations of the theory under consideration are given. Next, we generalize the proof 
q\ ' allowing the hypersurface having inner boundaries. 
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1 Introduction 

In the framework of general relativity, there are two distinct regimes where we can measure 
the mass. The first, at null infinity, yields the Bondi mass while the second, at spacial infinity, 
represents the Arnowitt-Desser-Misner (ADM) mass. The main difference between these two 
notions is that the Bondi momentum is dynamical while the ADM one is not. The Bondi 
quantity is tightly bounded with an instant of retarded time and changes according to the 
radiation which the source emits. The ADM four-momentum vector is fixed. The tantalizing 
question is whether the physically reasonable gravitating systems can radiate more energy than 
they initially have, i.e. this is a question whether the Bondi energy can become negative. 

During last years there were heavy attempts to prove the positivity of the Bondi mass. In a 
number of recent papers this long-standing conjecture has been confirmed. Nester and Israel [l 
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generalized the spinor method of Witten [Q and Nester [[J to present that a system satisfying the 
dominant energy condition has a positive total energy and a timelike four-momentum measured 
at spacelike or future null infinity. 

Horowitz et al 0] proved that for a spacetime which was asymptotically flat at null in- 
finity and for which the dominant energy condition held and existed a nonsingular spacelike 
hypersurface which asymptotically approached the null cone of constant retarded time near null 
infinity, the Bondi four-momentum was a future directed timelike or null vector. The Bondi 
four-momentum vanished iff we had a flat spacetime in the domain of dependence for the con- 
sidered hypersurface. It was done by extending the Witten's proof of the positivity of energy to 
the case of null infinity. In [El it was shown that neither the ADM nor the Bondi four-momentum 
of an isolated system in general relativity can be null. 

The previous arguments presented by Schoen and Yau || were modified to demonstrate the 
positivity of the Bondi mass f/J. For a given spacelike hypersurface asymptotic to the null cone, 
they have constructed a three-dimensional asymptotically flat initial data set which ADM mass 
is not greater than the Bondi mass of the null cone under consideration. The positivity of the 
Bondi mass follows from the previously proved theorem ||. Their method is very sensitive to 
the choice of the spacelike hypersurface asymptotic to the null cone. 

Ludvigsen and Vickers || managed to prove positivity of the Bondi momentum by means of 
choosing the hypersurface which consisted a compact spacelike part and a null part in the 
asymptotic region and considered the projection of the Witten's type of equation on it. 

Reula and Tod || gave a new type of the proof of the positivity of the Bondi mass. They 
proved the existence of solutions of Witten's equation for the case in which a spacelike slice on 
which the equation was given was asymptotically null. They provided the unified treatment of 
the ADM and Bondi mass. Among all, by a suitable choice of boundary conditions the positiv- 
ity of Bondi energy was shown for the case where the hypersurface was no longer free of inner 
boundaries, but was bounded by the union of finite number of marginally trapped surfaces. 
Horowitz and Tod 0] considered asymptotically constant solutions to the Weyl neutrino equa- 
tion on an asymptotically flat spacetime. They found that there existed a collection of conserved 
vector fields associated with these solutions, depended on the local stress energy of the matter 
and which had the property that their integrals over spacelike surfaces yielded the total ADM 
or Bondi four-momentum of the spacetime. 



Lately, in [|TTJ the new spinorial proof applying to both the ADM and Bondi energies was 
achieved. In this attitude no existence theorems on noncompact hypersurfaces were needed to 
obtain the desire results. 

The main aim of the paper is to provide some continuity with our previous works concerning 



the problem of the ADM mass and the positive mass theorem for black holes in the low-energy 
limit of heterotic string theory, in Einstein-Maxwell axion-dilaton (EMAD) gravity. We try to 
enlarge our considerations to the problem of the Bondi mass in EMAD system. The organisation 
of this paper is as follows. In section 2 we review the basic filed equations of the theory under 
consideration and prove the positivity of the Bondi mass in the case in which the spacelike 
hypersurface on which the equations are given is asymptotically null. We also provide the 
generalization of this theorem allowing the hypersurface having inner boundaries. Section 3 
summarizes our results. 

In our paper we shall use two-component spinor notation ||13| . Spinor indices are denoted 

by capital letters. Our signature of g uu is (H ) and convention for the curvature tensor is 

2V[ Q V/3]?7 7 = —Rap-ySV 5 - The Einstein equations are G ul/ = —T^ u . 

2 Positivity of the Bondi Mass 

The so-called low-energy limit of superstring theories provides an interesting generalization of 
the Einstein-Maxwell (EM) theory. A simplified model of this kind in an Einstein-Maxwell 
axion-dilaton (EMAD) coupled system containing a metric g uu , U(l) vector fields A u , a dilaton 



and three-index antisymmetric tensor field H a ^. The action has the form |l 1 



I = J d 4 Xv ^ [-i? + 2(V0) 2 + l -H aPl H a ^ - e- 2 *F af3 F a ? 



+ 1 



matter j 



where the strength of the gauge fields is descibed by F uu = 2V[ M A,j and the three index anti- 
symmetric tensor is defined by the relation 

H a ^ = V a B Pl - A a F Pl + cyclic. (2) 

In four dimensions Ha^ is equivalent to the Peccei-Quin pseudoscalar and implies the following: 

I 
Hap-f = -tap-yse V a. (3) 

A straightforward consequence of the definition (^) is that the action ([!]) can be written as 



1 = j d A x^g~ \-R + 2(V0) 2 + ie^(Va) 2 - e- 2 ^F af3 F^ - aF nv * F^ 



~T i-raatteri \f*) 



where *F /ll/ = \e avSp F 5p . 

Using the two-component spinor notation, we define a Maxwell spinor by the relation 

Fran = 4>MN ^M'N' + 4>M'N' ^MN, (5) 



where 



^AB = -FabC 



C" 



^A'B' — ~Fc A'B'- 



Then equations of motion are given by 



(6) 

vvr', (7) 

J N ' N (matter), (8) 

0, (9) 

0, (10) 

(11) 

where we have introduced a complex axi-dilaton z = a + ie~ 2< ^, while A = || and &aba'B' is the 
curvature spinor (sometimes called Ricci spinor). The energy momentum tensor reads 
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To begin with we define the supercovariant derivatives for two-component spinors (a A (i), Pa'(%))- 
Their forms followed easily from the adequate definition in the case of four-component spinors 
introduced in [|l^, l~4|j , namely 



V MM' OL K (i) = V ' MM' OtK{i) + -6 ^VmM'O CiK(i) + V 2e *0^m CL(ij) Pm'i 



V 'm' #4'(i) = ^ MM' [3 A '(i) + 9 e VmM'O #A'(t) — V 2e 



^4'M' tt(ij) «m > 



(13) 
(14) 



where a^j) is the two-dimensional equivalent of the matrices introduced in [15|. 
In what follows it will be convenient to define the following quantities: 

( 



a , ;;, ) , 1 - V2 ( y/2V A 'B(/> a B (l) + -^=e 2 *V A , B a a B (t) - 4ie-^ A , c ' a (ij) /3 C ' U) 



\A'(i) 



(15) 



° A A(i) 



V2 W2V A B '<I> Pb>m + -^e 2 ^ A B 'a (3 B , {i) + Aie 



^AC U(ij) « 



C(j) 



(16) 



The motivation for introducing these quantities is twofold (see e.g. [IB]). First, we would like 
to achieve the desired mass bound and therefore the specific factors appear in these definitions. 
Second, expressions (|15| - |l^) have motivation as the supergravity transformation laws of the ap- 



propriate particles in the associated supergravity model. The EMAD gravity model constitutes 
the bosonic part of N = 4, d = 4 supergravity (the so-called SU(4) version) with one gauge 
field [HI. 



We shall consider first an everywhere spacelike, asymptotically null slice E (a surface without 
boundary) of an asymptotically flat spacetime. Let t a be the unit normal to the hypersurface 
E, let h a b = g a b — t a tb be the metric induced on the hypersurface E and D a = h a b Vb, where V& 
is the covariant derivative on M with respect to the metric g a b on M. Now it is easily seen that 
the Witten's equations on the hypersurface E may be written in the form 

D AA > P A \i) = D AA , (3 A ' {i) + % -e 2 *D AA ,a (3 A ' (i) + s/2e-H AA d MM ' 4> A ' M > a m a M ^\ (17) 
D AA , a A {l) = D AA , a A {t) + l -e 2 *D AA ,a a A {l) - V2 e -H AA d MM ' 4> A m a (y) (3 M ^ ■ (18) 

Let us introduce the future directed null vector £ m for arbitrary (smooth) spinor fields (a M '($, /3m>(j)] 
on an asymptotically flat spacetime as follows: 

Cm = aM W %'(i) + Pm^Pm'H)- (19) 



Consider next, the vector field p a defined by the relation [10 



Pn = V m V [n Uv (20) 

From PP]), one can deduce that p n is the divergence free, and that conserved quantity obtained 
by integration over the hypersurface E may be expressed as an integral over asymptotic two 
sphere S. Consequently, we have 

[ dz aP a = f ds n t m v [n U], (21) 

Taking into account that £ m is divergence free due to the generalized Weyl equations, and using 
the definition of D a on a hypersurface E with the unit normal vector t a , i.e. 

V a = D a + t a t b V b , (22) 

one finds that 

t AA ' V fc a AW VW 4) = t AA 'b b a A{i) b b a A M) + 2t AA 'b A , B a B {%) b AB ,a B,{l \ (23) 

t AA ' v b p A{l) v b [3 A ^ = t AA 'bbP A{l) b b p A ^ + 2t AA 'b A , B p B it) b AB ,p B '^. 

After a fairly lenghty calculations one can show 

I- f dS ab VM = ~l d?> T ab (matter) n b + (24) 

2 Js 2 js 



J dL [t AA 'b b a m b b a A ^ + 2t AA 'b A , B a B {i) b AB ,a B '^ 



+ j <EK. AA ,t AA ' 



1 



d£ 



J m (F, 0)t m (a* MP*®) - J m (F, <f>)f n (a ii Up B{i) ) 



m (r* B( J), 



The energy momentum tensor T ab (matter) yields 

T ab (matter) = T ab {total) - T ab (F, <p, a) 
while a complex current is defined as follows: 



Jaa'(F, i 



V A 'E)(e~ 



0- 



The quantity /Caa' is given by 
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ie 



2<j 



AA' 



Vab'0 V BA ,a £ BB ' + ie 2 *V A , M <pVAM>a (a* 



M,.^M'{i) _ oM r ,aM'{i) 



(0 



a 



+ 8v^»e-*V^B^ <t>CA ^ (BW « C) ( 4 ) + 4v / 2e*V A , B a 0ac P [m a c \ t) 
+ complex conjugate. 

We assume that the matter energy-momentum tensor obeys the following condition: 

T ab (matter) t a £ b > V2 \j m {F, <f))t m (a B '^ /? B , (i) ) - J m (F, cf>)t m (a B ®p B{{) ) 



(25) 



(26) 



(27) 



(28) 



Condition Q2"8| ) is stronger than the dominant energy condition ussually assummed in general 
relativity in order to prove the positivity of the Bondi mass. This kind of requirement is also 
known in Einstein-Maxwell gravity [[H], |23| where it constitutes the key point of the proof. 
Roughly speaking relation (p8|) tells us that the local energy density is greater or equal to the 
local densities of the adequate charge densities. 
Moreover we put additional conditions, namely 
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SK 
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and 
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SK 



w) 



A'(i) 



0. 



(29) 



(30) 



The relation ( P9[ ) is motivated by the invariance of the entire system under the supersymmetry 
transformations written in the language of two-component spinors. The other introduces rela- 
tions amongs the fields in the considered theory. Relations like fl30|) arise in various kinds of 



the extensions of Einstein-Maxwell theory to the case of the low-energy string theory, both in 
proofs of the positivity of the ADM mass and the positivity of black holes masses |16], 0. 
Thus one can see from the analysis of the right side of the relation (|24]) that taking into account 
fl28[-|30|) the right-hand side is positive if the third and fifth term are equal to zero. We remark 
that the second and the fourth terms are automatically positive since the metric on the hyper- 
surface £ is negative. However, the third and the fifth term are negative, so we equate them to 
zero, i.e. one requires the following: 



D A , A a J 



(0 



0, 



b A , A (3 A 



(<) 



0. 



(31) 



There are elliptic first order equations on a A (i) and (3 A (i). 

Under the conditions (PB|-P0|) one can ensure the positivity of the right-hand side of equation 



( p4|) if we find asymptotically constant solutions to (|31|) on the hypersurface E. In Einstein's 
gravity the existence theorem for such solutions was given by Tod and Reula in |§ . 
Following this method, for readers' convenience, we quote the main steps of the proof of the 
existence theorem for ([H]). Now, let define the Hilbert space |ll| 7i as the completion of Qj° 



(smooth and compactly supported) cr A {i) spinor fields on S, under the following norm: 



° (i) \\H 



B> 



cE D BA io (i) D AB >o ( j)t 



lAA' 



(32) 



Using the generalized Hardy lemma || one finds that elements of 7i are measurable fields and if 
{ CfA (i)m} are Qj° Cauchy sequences converging to cr A (i), then t) AA > (cr A (i) m ) weakly converges to 
the distributional derivative D AA >a A ^ of <J A ^ m . The Hardy lemma in our case can be obtained 
by the method presented in || when we change ordinary differential operator for supercovariant 
one acting on the hypersurface E. Thus, the integral (|3^) makes sence for all elements of 7i. 
We shall seek the solutions of fl3lD in the forms 



(33) 



A A A A i_/ 

a (i) = a oo(i)+ a («)' a (i) ^ ") 

P (i) = Poo(i) + b «' b (i) e K, 



By means of the Riesz representation theorem (see e.g. |19]) one defines linear functionals 

/ip«) = - Jj^ D AB ,a B ' {l) D BA ,ag {l) t AA ' , (34) 

h (°" A (i)) = - dE D AB ia B (i)D BA/ (3^ {i) t AA , 



Furthermore, using the Bondi coordinates [2D| and the asymptotic values of spin coefficients 
found by Exton et al ETJ, having in mind the attitude of Bramson [|22|, one can assert that 



that a^(j) and P^/* are asymptotically constant spinor fields. Considering, next, the Cauchy- 
Schwartz inequality for spinors, one finds out that /i (cr A (i)) and /a (ff A (i)) are bounded linear 
functionals on the Hilbert space. It leads to the conclusion that there exist such a (») and b A ^) 
that 

/i(A)) = I dZD AB/( T B ' {l) D BA/ a B {l) t AA ', (35) 

B ,AA' 



J 2 p W ) = [ dZD AB ,a B ' (l) D BA ,b B (l) f 



Now, applying (p4| ) and (p5|) , integrating by parts we obtain 

/" cffi b A . B b BB ,d B '® (a Aoo{l) + a A(i) ) t AA ' = 0, (36) 

jjn b A , B b BB ,o B ' ^(p^ + b m )t AA ' = 0, 

for all cr A {i) € C£°. Thus, there exist a A (j) and b A ^ given by the relations fl49]) satisfying the 
weak form of equations 

b A B 'b BB ,a A {i) = b A B 'b BB ,p A {i) = 0. (37) 

If a j4 (j) and /3 A (j) are smooth then they satisfy the above equation in its strong form. Now, we 
turn to the question whether a A (») and (3 u) satisfy the first order elliptic equations ([3~lD . It can 
be shown by supposing a contradiction |§ , i.e. we assume there are such X B > = D BB ia B ^ ^ 
and 7b' = D BB if3 B \i) ^ 0. Substituting them into relation (|4]) we obtain the contradiction. All 
these conclude the proof of the existence theorem. 

In order to study boundary conditions for a A ^ and (5 A (i) spinors we fix an asymptotically null 
hypersurface and choose a system of Bondi coordinates such that £ asymptotically approaches 
a null cone | 20|| . For a spinor basis (o A ,i A ) we introduce a null tetrad l a , n a , m a , m a in such 



a way that n a = i A i A and l a = o A o A be the ingoing and outgoing null vectors orthogonal to 
X and l a n a = 1. The conjugate complex null vectors m a = o A i A are normalized as follows: 
m a m a = — 1 and o A i A = 1. 

We expand a A ^' and fi A (i) i n terms of this basis, namely 



a A ^ = X?o A + Y^i A , (3* 



P A ^ = X?o A + Y^i A . (39) 

The two-surface bivector is fi a n b ^dS, so the right-hand side of equation Q23| ) may be written as 

i / dS ab V a £ b = \l dS (n a DC - l a AC) , (40) 

2 Js 2 Js 



where D = / a V a and A = n a V a . The Weyl equations may be expressed in the form 



i A Da A (t) + -e 2 H A D 



« a A (i) 



o A 5a J 



(0 



-e 2<t> o A 5a a A (i) = 0, 



1 1 

o A Aa A {i) + -e 2<t> o A Aa a A {i) - i A 5a A {i) - -e 2(t> i A 5a a w = 0, 



lA' 
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— I 
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jA' 



i A ,Df3 A ' (i) + ~e 2 n Al nap (0 



o A 'S/3 



A ' 



(0 



±<?*o A ,8a (3 A ' {1) 



0. 



oa'AP*® + l -e 24 >o A ,Aa (3 A ' {1) - i A ^'(i) - '-e^i^a (3 A> {l) = 0, 

where 5 = m a V a and 5 = m a V a - 

By virtue of ( ffO|) and the above Weyl equations the boundary term on S imply 



(41) 
(42) 
(43) 
(44) 
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pX 1 X 1 + imYiYl + 2ReY 1 (8X X + (3X X ) 
pX 2 X 2 + uY 2 Y 2 + 2ReY 2 (SX 2 + (3X 2 ) 
+ — / dSe 2 ^8a {X\Yi + X 2 Y 2 ) + complex conjugate 
Ui (a A ' {t) f3A>(i)) + e-tfa (a A ®p A{i} 



(45) 



+ V2 dS 
Js 

where the spin coefficients are p = o A 8o A , p = i A 8i A , (3 = i A 5o A and a complex scalar 
costructed from a Maxwell spinor cj) A B is defined as 



•>ab o A i B . 



(46) 



By the definition, p = on a future apparent horizon. We impose the following boundary 



conditions on S when it is a future apparent horizon p3 | 

a A ^o A = (3 A ' {i) o AI = 0. (47) 

On the other hand, on a past apparent horizon u = and one can input the boundary conditions 



231 of the form: 



M„ ~2A' q 

I &A(i) — % PA'{i) 



0. 



(4£ 



If the condition fl4"T|) for a future apparent horizon or fl4"8|) for a past apparent horizon are 
satisfied, then the whole surface term given by fl4"o] ) disappears. 

To prove the existence theorem in the case of inner boundaries of £ we proceed similary to the 
case described above. Namely, one proves the existence of solutions of equations fl3"7|) with the 
adequate boundary conditions. First we shall consider the case when S is a future apparent 
horizon. From relation (fJ7| ), using fl38|) one finds that 



Y l \s 



V (i) I 

Y 2 \S 



0. 



(49) 



The additional boundary conditions are as follows: 

D X 'b a B (i) |s = D V b P B {i) \s = 0. (50) 

Proceeding as before we show the existence of a A ^ and b A {i) G 7i such that a A (i) and ft A {i) 
given by the relations (|4^) satisfy (|37|). Since aQ/^ and /^^ are chosen to vanish in the 



neighbourhood of S, then it turns out that a A (j) and 6 A (j) assert the boundary conditions (f49|) 
and (|50|). It can be seen considering equation fl36|), integrating them twice by parts and using 

'0 



boundary conditions (pJ) and the fact that a A G Cq° fl 7i, and cr° can take arbitrary values on 



S. 

The extension of the proof to the case when S is past apparent horizon is straightforward. From 
and (081) one obtains the boundary conditions 



X?\s =X^\ S =0. (51) 

and the suplementary boundary conditions on a future apparent horizon yields 

D°'b a B (l) |s = D°' B P B (1) \ s = 0. (52) 

The rest of the proof is the same as in the case of the future apparent horizon. 

To complete our considerations we shall cosider the boundary terms at infinity. If ct A (i) and 
@A{i) approach the supercovariantly constant spinor at infinity, then having in mind the attitude 
presented in 0] it follows that 



- J^ dS ab VM = - A Pmt,™ + -^Q { F-^)Re (a£«AxM(i)) + -j=P iF -+)Im (o^Ax^i)) , (53) 
where the dilaton- electric charge and dilaton-magnetic charge are defined respectively as 

Q {F _^ = 2 [ dSe'* 00 Re fa, P{f-4>) = 2 / dSe'^ Im fa. (54) 



Inspection of equation (|J) reveals that the Bondi mass M BO ndi = VPm,P m must be positive 
for all a^ and 0ooA(i), hence 

3 Conclusions 



P m P m > Q(F-<j>) + P(F-6)- (55) 



In summary, we have studied the positivity of the Bondi mass in the low-energy string the- 
ory, the so-called EMAD gravity. We considered a non-singular spacelike hypersurface which 



10 



asymptotically approached a null cone. One assumes that the conditions for energy-momentum 
tensor ( p8|) and the specific relations amongs the fields in the theory ([27]) are satisfied. More- 
over, the entire system is invariant under the supersymmetry transformations. Then the Bondi 
four-momentum is a future directed timelike vector. The square of the Bondi mass is greater 
than or equal to the sum of the squares of the total dilaton- electric or dilaton-magnetic charges. 
The generalization of the above mentioned proof to the case when the hypersurface has 
inner boundaries was also provided. We considered the case of a future and past apparent 
horizons establishing the adequate boundary conditions for two-component spinors on them. 
One concludes, that if the above mentioned conditions for energy momentum tensor and fields 
in EMAD gravity are satisfied then the square of the Bondi mass of the spacetime containing 
black hole was greater or equal to the sum of the squares of the total dilaton- electric and dilaton- 
magnetic charges of the black hole. 
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